Let M and N be semialgebraic G spaces. When G is a compact Lie group, we find a one to one correspondence between the set of semialgebraic G homotopy classes of semialgebraic G maps from M to N, with the set of topological G homotopy classes of continuous G maps from M to N. We also deal with the equivariant semialgebraic version of a theorem of J.H.C. Whitehead. 
Introduction
In this paper we discuss topological properties of semialgebraic spaces with semialgebraic actions of compact Lie groups. Semialgebraic category is less rigid than algebraic category, and in some sense similar to PL category in topology. In particular we study equivariant semialgebraic homotopy theory to get some results similar to those in (topological) homotopy theory.
Throughout this paper let G denote a compact Lie group. We know that every compact Lie group has an (semi) algebraic structure (cf. [9] ). A semialgebraic G space means a G invariant semialgebraic set in some real representation space of G. A semialgebraic G map is a continuous G map which is semialgebraic when we forget the group action. Note that the orbit space and the orbit map of a semialgebraic G space are also semialgebraic [11] . We will review the properties of semialgebraic G spaces and maps in Section 2.
The purpose of this paper is to compare the set of semialgebraic G homotopy classes of semialgebraic G maps with the set of topological G homotopy classes of continuous G maps between given two semialgebraic G spaces. We use the following notation. Let (M, A) be a pair of a semialgebraic G space M and a semialgebraic G subspace A of M, and let (N, B) be an another such pair. We fix a closed semialgebraic G subspace C of M and a semialgebraic G map h : (C, 
Theorem 1.1. Let G be a compact Lie group and, let (M, A) and (N, B) be pairs of semialgebraic G spaces. Let A and C be closed semialgebraic G subspaces of M and h : (C, C ∩ A) → (N, B) a semialgebraic G map. Then the canonical map µ : [(M, A), (N, B)] G,h sem → [(M, A), (N, B)] G,h
top is bijective.
In particular this theorem says that any topological G homotopy class of a continuous G map between two semialgebraic G spaces can be represented by a semialgebraic G map. Delfs and Knebusch [4] proved Theorem 1.1 in the nonequivariant case. We prove Theorem 1.1 by the similar method to the nonequivariant case of [4] . We show Theorem 1.1 in Section 5 (Theorem 5.4). To prove the theorem we need the following two theorems.
Theorem 1.2. Let G be a compact Lie group. Let A be a closed semialgebraic G subspace of a semialgebraic G space M. Then there exists a G invariant semialgebraic open neighborhood U of A in M such that A is a semialgebraic G strong deformation retract of U and the closure U of U in M.

Theorem 1.3. Let G be a compact Lie group. If M is a semialgebraic G space and A is a closed semialgebraic G subspace of M, then (A × I ) ∪ (M × {0}) is a semialgebraic G strong deformation retract of M × I . In particular, (M, A) has the semialgebraic G homotopy extension property.
These two theorems are proved in [3] for the nonequivariant case. On the other hand, the authors prove in [10, 11] that if (M, A) is a pair of semialgebraic G spaces then (M, A) has a semialgebraic finite (open) G CW-complex structure such that the orbit space (M/G, A/G) has a compatible finite (open) simplicial complex structure (Proposition 3.2) . This (open) G CW-complex differs from the usual G CW-complex in the sense that some open G-cells are missing in our G CW-complex. The reason why we take such G CW-complexes is because we need the stability under the finite union of sets and under the attachment of maps in semialgebraic category. We discuss the semialgebraic G CW-complex structures of semialgebraic G spaces in Section 3. Using this semialgebraic G CW-complex structure and applying the nonequivariant result (Proposition 3.5 in [3] ) to the orbit space we show Theorem 1.2 in Section 3 (Theorem 3.8). Indeed, the set U is the star neighborhood of A in the second barycentric subdivision of a semialgebraic G CW-complex structure of (M, A). Theorem 1.3 is proved in Section 4 from Theorem 1.2 and the equivariant semialgebraic Urysohn's lemma of semialgebraic spaces (Proposition 2.10).
As an application of Theorem 1.1 we consider the equivariant semialgebraic version of a Whitehead theorem [14] . Notice that if X and Y (⊂ X) are semialgebraic spaces then 
is a semialgebraic G homotopy equivalence.
In the equivariant topological case, Matumoto [8] 
is a finite complete G CW-complex where π is the orbit map. Furthermore, there is a semialgebraic G strong deformation retraction from M to co(M ) by Theorem 1.2. Theorem 1.4 proved in Section 6 from the above remark together with the application of the equivariant topological results in [8] to co(M ).
Preliminaries on semialgebraic G spaces
In this section we discuss basic concepts of semialgebraic G spaces and semialgebraic G maps. For more properties in semialgebraic category we refer the reader to [6, 4, 1, 10, 11] .
We know that every compact Lie group has a unique algebraic group structure (cf. [9, p. 247]), and thus it has a semialgebraic group structure. We begin with the definition of semialgebraic G spaces. Definition 2.1. Let G be a compact Lie group. A semialgebraic G space M is a G invariant semialgebraic set in some real representation space Ω of G. (Since every linear representation of a compact Lie group is equivalent to an orthogonal one we may assume that Ω is an orthogonal representation space of G.) A semialgebraic G subspace of some semialgebraic G space M is a G invariant semialgebraic subset of M.
For example, finite (open) simplicial G complexes are semialgebraic G spaces. It is easy to see that finite unions and finite intersections of semialgebraic G spaces are semialgebraic G spaces and that the complement of a semialgebraic G space is a semialgebraic G space. Furthermore, the closure, and hence the interior, of a semialgebraic G space are semialgebraic G spaces. In particular, the Cartesian product of two semialgebraic G spaces is a semialgebraic G space with the diagonal G action. Definition 2.2. Let M and N be semialgebraic G spaces. A map f : M → N is said to be a semialgebraic G map if it is a continuous G map and is a semialgebraic map between ordinary semialgebraic sets M and N , i.e., its graph is a semialgebraic subset in M × N .
For example, PL (piecewise linear) G maps between finite (open) simplicial G complexes are semialgebraic G maps, and polynomial and rational G maps are semialgebraic G maps. Here a rational map means a quotient of polynomials having nowhere vanishing denominator. It is easy to show that the composition of two semialgebraic G maps and also the inverse of a semialgebraic G homeomorphism are semialgebraic G maps, see [10, 11] .
The graph of a semialgebraic G map between semialgebraic G spaces is a semialgebraic G space. Moreover, the image and the preimage of a semialgebraic G space by a semialgebraic G map are semialgebraic G spaces. If f : A → B and g : A → C are two semialgebraic G maps, then the map (f, g) :
Example 2.3.
(1) Since any compact Lie group has a real algebraic variety structure we can define an algebraic action of G on a real algebraic variety V as a G action whose action map θ : G × V → V is a regular (i.e., polynomial) map between algebraic G varieties. In this case we also say that V is an algebraic G variety. It follows from the equivariant algebraic embedding theorem for algebraic G variety in a finitedimensional orthogonal representation space Ω (see [12, 5] ) that an algebraic G variety is a closed semialgebraic G space in Ω. (2) Every affine C r Nash G manifolds is a semialgebraic G space. An affine C r Nash G manifold means a G invariant submanifold of some real representation space of G which is semialgebraic and of class C r .
Let G be a compact Lie group and Ω an orthogonal representation space of G. By the theorem of Hilbert and Hurwitz [13, Chapter 8] It is easy to check that the action map θ :
Now we discuss the equivariant semialgebraic separation properties and the partition of unity of semialgebraic G spaces. The following basic properties of semialgebraic G spaces are proved in [3] for the nonequivariant case. The equivariant generalizations are easy and we leave some of the proofs to the reader.
is a closed semialgebraic subset of π(M) since the orbit map π is closed. By the nonequivariant result of [3] , there is a semialgebraic map g : 
From this lemma we have the following equivariant semialgebraic version of the partition of unity. 
This proposition implies the following equivariant semialgebraic Urysohn's lemma of semialgebraic spaces. 
Equivariant semialgebraic retraction
In this section we construct a semialgebraic G retraction from some G invariant open neighborhood of A to A for a given closed semialgebraic G subspace A of some semialgebraic G space. This retraction will be used throughout this paper.
We first consider the G CW-complex structures of semialgebraic G spaces. See [8, 7, 10, 11] for general terminology and theory of G CW-complex structure.
An open simplex int(∆ n ) is the interior of ∆ n for n-simplex ∆ n . When v is a 0-simplex, We first recall the definition of G CW-complex. A G CW-complex is the G-equivariant version of an ordinary CW-complex. We say that a
Conversely if X is a straight-complex then any subdivision (X/G) of the orbit space X/G induces an equivariant subdivision X of X with X /G = (X/G) . In this case the nth barycentric subdivision of X is the induced subdivision of X by the nth barycentric subdivision of X/G.
In [10, 11] we show that any semialgebraic G space has a semialgebraic finite G CW-complex structure as in the following proposition. Recall that G/H has a natural semialgebraic structure for a closed subgroup H of a compact Lie group G. Proposition 3.2 [11] . Let G be a compact Lie group. Let 
) is a semialgebraic homeomorphism to its image, and (5) we can choose a finite (open) G CW-complex (Y, B) by removing some open G-cells of X which is semialgebraic G homeomorphic to (M, C).
Note that there exist a semialgebraic
In general (X, A) is not homeomorphic to (M, C), but if M is compact then we can choose (X, A) to be (semialgebraically) homeomorphic to (M, C).
Remark 3.3. In the same situation as Proposition 3.2, we know the following (see [10, 11] ).
(
Moreover the vertices v i can be ordered in such a way that we have
Then s ∆ | is also a semialgebraic section on int(∆) such that its image has a constant isotropy subgroup
. From this the cell σ is the image of s ∆ | (i.e., σ = s ∆ (int(∆))) with a constant isotropy group H σ = H ∆ and the closureσ is the image of s ∆ (i.e.,σ = s ∆ (∆)). Thus σ,σ are semialgebraic and Gσ = Gσ . Now we consider equivariant semialgebraic retractions. The equivariant semialgebraic terminologies are defined similarly to the nonequivariant topological case.
In [3] Delfs and Knebusch proved the following proposition. In fact, we can find an example r X,A which is not the restriction of r X,A to X.
We are now ready to construct a semialgebraic neighborhood G retraction. Similarly we set X −1 = B, X n = B ∪ X n for n 0, and V * n = X n ∩ V * . Let C n be the set of G n-cells Gσ of M such that Gσ ∩ A = ∅ and Gσ ∩ A = ∅. Then it is clear that C n is a finite set. Notice that the above G n-cells are not G n-cell of M .
Using induction on n, we shall construct semialgebraic G-strong deformation retraction
there is a 1-simplex σ * of X and a semialgebraic section s σ :σ * →σ such that π • s σ = idσ * . Proposition 3.5 implies that there is a semialgebraic strong deformation retraction fromσ * ∩ V * to a pointσ * ∩ B . Using the section s σ we obtain a semialgebraic strong deformation retraction F fromσ ∩ V to the pointσ ∩ A. For each points of Gσ ∩ V we define
This is a well-defined semialgebraic G homotopy by the properties of G CW-complex. In this way the semialgebraic G-strong deformation retraction H 1 :
Now we assume that there is a semialgebraic G-strong deformation retraction H n−1 : V n−1 × I → V n−1 from V n−1 to A. For each G n-cell Gσ ∈ C n , there is a n-simplex σ * of X and a semialgebraic section s σ :σ * →σ . Proposition 3.5 implies that there is a semialgebraic strong deformation retraction H * fromσ * ∩ V * to ∂σ * ∩ V * =σ ∩ V * n−1 . Using the semialgebraic section s σ we obtain a semialgebraic strong deformation retraction F (x, t) for all g ∈ G, x ∈σ ∩ V . This is a welldefined semialgebraic G homotopy. In this way the semialgebraic G-strong deformation retraction H n : V n × I → V n is extended throughout A ∪ (Gσ ∩ V ) for each G n-cell Gσ ∈ C n . The induction has only finitely many steps because C n is finite, and hence the proof is complete. ✷ Let U * = St X (B) be the star neighborhood of B in the second barycentric subdivision X of X. Then U * ⊂ St X (B) and the segment H * (x, t) ⊂ U * (respectively U * ) for all x ∈ U * (respectively U * ) and t ∈ I where U * is the closure of U * in X.
is a semialgebraic G strong deformation retraction from U (respectively U ) to A. Thus we have the following theorem. 
Semialgebraic G homotopy extension property
In this section we discuss the equivariant semialgebraic extension problem of semialgebraic G maps and G homotopies.
We know that A is a retract of M if and only if extension problem for any space N and any map f : A → N can be solved. Furthermore if A is a strong deformation retract of M then such extension is unique up to homotopy class. Similar statements also hold in the equivariant semialgebraic category. 
then F is a semialgebraic G homotopy. Clearly F 0 =f 1 , F 1 =f 2 and F t | A = f for all t ∈ I . ✷ The converse statements of Proposition 4.1 also hold. By applying the above proposition to Theorem 3.8, we obtain the following corollary. The same is true for U instead of U . Remark 4.3. In Proposition 6.1, we will find a sufficient condition for the existence of a semialgebraic extension of a semialgebraic G map f : A → N to M. Now we discuss the equivariant semialgebraic extensions of semialgebraic G homotopies. We start with some obvious definitions. 
We know the following: A pair (M, A) of topological spaces has the homotopy extension property if and only if (A × I ) ∪ (M × {0}) is a retract of M × I . In this case A is closed in M. Moreover any complete CW-complex pair (X, A) has the homotopy extension property.
We have the similar result in the equivariant semialgebraic category as follows.
Theorem 4.5 (Theorem 1.3). Let G be a compact Lie group. If M is a semialgebraic G space and A is a closed semialgebraic G subspace of M, then (A × I ) ∪ (M × {0}) is a semialgebraic G strong deformation retract of M × I . In particular, (M, A) has the semialgebraic G homotopy extension property.
Proof. Let U be a semialgebraic G-strong deformation retract neighborhood of A in M and let H : U × I → U be a semialgebraic G strong deformation retraction from U to A with semialgebraic G retraction r = H 1 as in Theorem 3.8. By Proposition 2.10, we can take a semialgebraic G invariant map λ :
Then ψ is semialgebraic and G invariant. Now we define a semialgebraic G retraction
Notice that R is well-defined and continuous since this is another expression of ρ in the proof of Theorem 5.1 of [3] . Clearly R is a semialgebraic G map because all involved maps in the above formula are semialgebraic G maps. Thus R is a semialgebraic G retraction from
This map Φ is the desired semialgebraic G strong deformation retraction from M × I to 
Obviously, we can construct a semialgebraic G homotopy Ψ :
is a semialgebraic G homotopy which extends Ψ 1 = F ∪ f ∪ g, and hence this is a desired semialgebraic G homotopy. ✷
The same is true for U instead of U .
Comparison theorem
In this section we compare the set of semialgebraic G homotopy classes of semialgebraic G maps with the set of topological G homotopy classes of continuous G maps. Now we prove the following equivariant semialgebraic approximation theorem.
Lemma 5.2. Let G be a compact Lie group. Let M and N be semialgebraic G spaces. If M is compact, then any continuous
We first construct a semialgebraic G map which is G homotopic to r N • f . Since co(N ) is compact, there is a real number r > 0 and a compact semialgebraic subset D = {x ∈ Ξ | x r} of Ξ such that int(D) ⊃ co(N ). By Proposition 3.2, we assume that (D, co(N ) ) is a pair of finite compact complete semialgebraic G CW-complexes. Let V = St D (co(N ) ) and let r V : V → co(N ) be a semialgebraic G retraction from V to co(N ). By the Stone-Weierstrass theorem, there is a nonequivariant polynomial
We may assume the line segment tq(x) ) is a G homotopy from r N • f to u. Therefore, the composite K * P is a continuous G homotopy from f to u, and the lemma follows. ✷ Now we consider the set of semialgebraic G homotopy classes of semialgebraic G maps between two semialgebraic G spaces which are not necessarily compact. Let (M, A) and (N, B) be two pairs of semialgebraic G spaces. Let C be a semialgebraic G subspace of M and let us fix a semialgebraic G map h : C → N be such that h(C ∩ A) ⊂ B. From now on we only consider G maps from (M, A) to (N, B) which extend h.
We call any two such semialgebraic G extensions f, g : A), (N, B) 
Proof. (Surjectivity) (i)
The case when M is compact. We may assume that (M, C) is a pair of finite complete compact G CW-complexes because M is compact. We replace (M, C) by its barycentric subdivision (M , C ).
is a system of finite complete compact G CW-complexes and that N is a finite G CWcomplex that is replaced by its first barycentric subdivision. By Lemma 5.2, there exists a semialgebraic G map u : M → co(N) and topological G homotopy H = K * P from f 1 to u = r V • q for some equivariant polynomial q : M → Ξ . Here we are using the same notations as in the proof of Lemma 5.2. But H may move points in C. By Theorem 2.10, there is a G invariant semialgebraic map λ : x, t)) , and a semialgebraic G homotopy
By the same argument as the usual homotopy theory, we can construct a semialgebraic 1 × I ) . By the topological G homotopy extension theorem (cf. [8, p. 369] ), Φ can be extended to a topological G homotopy (c, t) ∈ C × I . Therefore f and g are semialgebraically G homotopic relative to C by H . Hence the map µ is surjective.
(Injectivity) Now we prove the injectivity. Let f , g : M → N be two semialgebraic G map with f | C = g| C = h and let F : M × I → N be a topological G homotopy with 
This gives spaces and A 1 , . . . , A k (respectively B 1 , . . . , B k ) be semialgebraic G subspaces of M (respectively N ). We fix a closed semialgebraic G subspace C of M and a semialgebraic G map h : (C, C ∩ A 1 , . . . , C ∩ A k ) → (N, B 1 , . . . , B k ) .
Let [ (M, A 1 , . . . , A k ), (N, B 1 , . . . , B k ) G,h top ) denote the set of semialgebraic (respectively topological) G homotopy classes of semialgebraic (respectively continuous) G maps from n, (M, A 1 , . . . , A k ) to (N, B 1 , . . . , B k ) which extend h. By a similar argument as in the above proof, we can prove that the canonical map µ : (M, A 1 , . . . , A k ), (N, B 1 , . . . , B k ) G,h sem
is bijective when all A i are closed semialgebraic G subspaces of M.
Equivariant semialgebraic version of a theorem of Whitehead
In this section we will find a condition for an extension of a semialgebraic G map and study the equivariant semialgebraic version of a theorem of Whitehead [14] . In [8] Matumoto studied the theorem for topological 'complete' G CW-complexes and continuous G maps. Here we apply the results in the previous sections to extend the results in [8] to the equivariant semialgebraic category.
Let X be a finite simplicial complex. The dimension of X, denoted by dim X, is the largest dimension of open simplexes which are contained in X. Note that dim co(X) dim X and dim X = dim X , and thus dim co(X ) dim X where X is the first barycentric subdivision of X. Recall that if M is a semialgebraic G spaces then M has a straight semialgebraic G CW-complex with the orbit space M/G is a finite simplicial complex. In particular M /G = (M/G) .
Notice that if X and Y (⊂ X) are semialgebraic spaces then 
We construct a semialgebraic G homotopy F : 
